
Dr. Marques Sophie Linear algebra Fall Semester 2015
Office 519 marques@cims.nyu.edu

Midterm

The grader cannot be expected to work his way through a sprawling mess of identities
presented without a coherent narrative through line. If he can’t make sense of it in finite
time you could lose serious points. Coherent, readable exposition of your work is half the
job in mathematics.

Problem 1 : (50 pt)
For the system x´ y` 3z “ 1, y “ ´2x` 5, 9z´ x´ 5y` 7 “ 0, do the following :

1. Write the system in the matrix equation form.

2. Write the system in the vector equation form.

3. Write out the complete set of solutions (if they exist) in vector form
using parameters if needed.

4. Describe the solution set geometrically.

Solution :

1. Let A “

¨

˝

1 ´1 3
2 1 0
´1 ´5 9

˛

‚and b “

¨

˝

1
5
´7

˛

‚. Then, the matrix equation associated

to the system is Ax “ b.

2. Let v1 “

¨

˝

1
2
´1

˛

‚, v2 “

¨

˝

´1
1
´5

˛

‚ and v3 “

¨

˝

3
0
9

˛

‚. Then the vector equation

associated to the system is

x1v1 ` x2v2 ` x3v3 “ b

3. The augmented matrix associated to the system is
¨

˝

1 ´1 3 1
2 1 0 5
´1 ´5 9 ´7

˛

‚
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We row reduce this matrix :
¨

˝

1 ´1 3 1
2 1 0 5
´1 ´5 9 ´7

˛

‚„R2ØR2´2R1 and R3ÐR3`R1

¨

˝

1 ´1 3 1
0 3 ´6 3
0 ´6 12 ´6

˛

‚

„R2Ð1{2R2 and R3Ð´1{6R3

¨

˝

1 ´1 3 1
0 1 ´2 1
0 1 ´2 1

˛

‚

„R3ÐR3´R2

¨

˝

1 ´1 3 1
0 1 ´2 1
0 0 0 0

˛

‚

„R1ÐR1`R2

¨

˝

1 0 1 2
0 1 ´2 1
0 0 0 0

˛

‚

The reduced echelon form is
¨

˝

1 0 1 2
0 1 ´2 1
0 0 0 0

˛

‚

4. The system corresponding to the reduced echelon form obtained in the previous
question is

$

&

%

x1 ` x3 “ 2
x2 ´ 2x3 “ 1

0 “ 0

The system is consistent since the last column of the augmented matrix is not a
pivot column. Since there is a free variable, then the system has infinitely many
solution. We will express the basic variables in terms of the free variable. So that
the general form for a solution in vector parametric form is

¨

˝

x
y
z

˛

‚“

¨

˝

2
1
0

˛

‚` t

¨

˝

´1
2
1

˛

‚

where t P R.

5. Geometrically, the solution set is a line passing through

¨

˝

2
1
0

˛

‚ with direction

¨

˝

´1
2
1

˛

‚.

Problem 2 : (20 pt)
Balance the chemical equation :

CH4 `O2 Ñ CO2 `H2O
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Solution :
We want to balance the chemical equation. We write the molecule into a vector with
the Carbon in first position, Hydrogen in second position and Oxygen in third position.

CH4 :

¨

˝

1
4
0

˛

‚,O2 :

¨

˝

0
0
2

˛

‚,CO2 :

¨

˝

1
0
2

˛

‚ and H2O :

¨

˝

0
2
1

˛

‚

In order to balance the chemical equation we need to find r, s, t,u P R.

r

¨

˝

1
4
0

˛

‚` s

¨

˝

0
0
2

˛

‚´ t

¨

˝

1
0
2

˛

‚´ u

¨

˝

0
2
1

˛

‚“ 0

The augmented matrix associated to the system :
¨

˝

1 0 ´1 0 0
4 0 0 ´2 0
0 2 ´2 ´1 0

˛

‚

We can row reduce the augmented matrix.
¨

˝

1 0 ´1 0 0
4 0 0 ´2 0
0 2 ´2 ´1 0

˛

‚„R2ÐR2´4R1

¨

˝

1 0 ´1 0 0
0 0 4 ´2 0
0 2 ´2 ´1 0

˛

‚

„R3ØR2

¨

˝

1 0 ´1 0 0
0 2 ´2 ´1 0
0 0 4 ´2 0

˛

‚

„R2Ð1{2R2 and R3Ð1{4R3

¨

˝

1 0 ´1 0 0
0 1 ´1 ´1{2 0
0 0 1 ´1{2 0

˛

‚

„R1ÐR1`R3 and R1ÐR1`R2

¨

˝

1 0 0 ´1{2 0
0 1 0 ´1 0
0 0 1 ´1{2 0

˛

‚

The system corresponding to the reduced echelon form is :
$

&

%

x1 ´ 1{2x4 “ 0
x2 ´ x4 “ 0

x3 ´ 1{2x4 “ 0

So that we get that the general form of a solution in parametric form is :
¨

˚

˚

˝

r
s
t
u

˛

‹

‹

‚

“ x

¨

˚

˚

˝

1{2
1

1{2
1

˛

‹

‹

‚
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with x P R.
For instance, we can take x4 “ 2 we get that

¨

˚

˚

˝

r
s
t
u

˛

‹

‹

‚

“

¨

˚

˚

˝

1
2
1
2

˛

‹

‹

‚

is a particular solution and so, the balanced chemical equation is

CH4 ` 2O2 Ñ CO2 ` 2H2O

Problem 3 :

Let A “

ˆ

1 ´3
´2 3

˙

and let T : R2 Ñ R2 be the linear transformation such

that x ÞÑ Ax.

1. Explain what does it means for the columns of A to span R2. Does the
columns of A span R3 ?

2. Explain what does it means for the columns of A to be linearly inde-
pendent. Are the columns of A linearly independent ?

3. Use the algorithm seen in class, to determine if A is invertible and if it is
to compute its inverse. Deduce the inverse of the linear transformation
T ?

4. Recall the definition of an onto transformation and also the one of a
one-to-one transformation. Deduce from the previous question if T is
one-to-one and then if T is onto R3.

5. Find the image of b “
ˆ

1
´1

˙

.

6. Find a x P R2, such that its image by T is c “
ˆ

1
0

˙

.

Solution :

1. We know that for the class that rA, I2s, row reduce to rI2,A´1s.

rA, I2s “

ˆ

1 ´3 1 0
´2 3 0 1

˙

„R2ÐR2`2R1

ˆ

1 ´3 1 0
0 ´3 2 1

˙

„R2Ð´1{3R2

ˆ

1 ´3 1 0
0 1 ´2{3 ´1{3

˙

„R1ÐR1`3R2

ˆ

1 0 ´1 ´1
0 1 ´2{3 ´1{3

˙

So that

A´1
“

ˆ

´1 ´1
´2{3 ´1{3

˙
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And T´1 is the linear transformation whose standard matrix is A´1. So that T´1

maps x into A´1x.

2. The column of A, c1 and c2 span R2 if for each b P R2, the equation Ax “ b has
at least a solution. Since we have seen that the reduced echelon form of A is I2,
from the last question. We have a pivot position for A in each row, so the column
of A span R2.

3. The columns of A are linearly independent if the equation Ax “ 0 has only the
trivial solution. Since the columns of A are not multiple of each other, then the
columns of A are linearly independent (this criterion works because we are dealing
only with two columns).

4. A transformation is onto R2 if there is at least a x such that Tpxq “ Ax “ b, for
each b P R2. So from 2., we know that T is onto. The transformation is one-to-one
if there is at most a solution x for the system Tpxq “ Ax “ b, for each b P R2.
That is equivalent to requiring that the equation Ax “ 0 has only the trivial
solution as a unique solution. From 3., T is one-to-one.

5. The image of b “
ˆ

1
´1

˙

is

Tpbq “ Ab “
ˆ

1 ´3
´2 3

˙ˆ

1
´1

˙

“

ˆ

4
´5

˙

6. We are looking for x P R2, such that Tpxq “ Ax “ c. From a theorem of the class,
we know that the equation Ax “ c has a unique solution :

x “ A´1c “
ˆ

´1 ´1
´2{3 ´1{3

˙ˆ

1
0

˙

“

ˆ

´1
´2{3

˙

Problem 4 : (40 pt)

1. Write the standard matrix A of the linear transformation T : R2 Ñ R2

that reflects points through the x1-axis.

2. Write the standard matrix B of the linear transformation S : R2 Ñ R2

that reflects points through the x2-axis.

3. Express the standard matrix of the linear transformation R : R2 Ñ R2

that reflects points through the x1-axis and that reflects points through
the x2-axis in term of A and B and compute it.

4. Deduce from the previous question that R is a rotation through the
origin. What is the angle of this rotation ?

Solution :

1. The standard matrix A of the linear transformation T : R2 Ñ R2 that reflects
points through the x1-axis is

A “ rTpe1q,Tpe2qs
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Tpe1q “ e1, Tpe2q “

ˆ

0
´1

˙

So that

A “
ˆ

1 0
0 ´1

˙

2. The standard matrix B of the linear transformation S : R2 Ñ R2 that reflects
points through the x2-axis is

B “ rSpe1q,Spe2qs

Tpe1q “

ˆ

´1
0

˙

, Tpe2q “

ˆ

0
1

˙

So that

B “
ˆ

´1 0
0 1

˙

3. The standard matrix of the linear transformation R : R2 Ñ R2 that reflects points
through the x1-axis and that reflects points through the x2-axis which is indeed
the composite S ˝ T, is

BA “
ˆ

´1 0
0 ´1

˙

4. We notice that S is a rotation through the origin of angle π. Indeed, the standard
matrix for a rotation of angle θ is of the form

ˆ

cospθq ´sinpθq
sinpθq cospθq

˙

and we notice that
ˆ

cospθq ´sinpθq
sinpθq cospθq

˙

“

ˆ

´1 0
0 ´1

˙

for θ “ π so the two transformation have same standard matrix and thus they
are the same.

Problem 5 :

Let A “

¨

˝

2 ´6 4
´4 8 0
0 ´4 6

˛

‚ and b “

¨

˝

2
´4
6

˛

‚. The LU factorization of A is

A “

¨

˝

1 0 0
´2 1 0
0 1 1

˛

‚

¨

˝

2 ´6 4
0 ´4 8
0 0 ´2

˛

‚

Use the LU factorization to solve the system Ax “ b.
Solution :
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Let L “

¨

˝

1 0 0
´2 1 0
0 1 1

˛

‚and U “

¨

˝

2 ´6 4
0 ´4 8
0 0 2

˛

‚. We have Ax “ LUx “ b. In order to

solve this equation, set Ux “ y, we first solve the equation Ly “ b and find y and then
Ux “ y and find x and since Ax “ LUx “ Ly “ b then x will be also solution of Ax “ b.
The augmented matrix associated to the system Ly “ b

¨

˝

1 0 0 2
´2 1 0 ´4
0 1 1 6

˛

‚„R2ÐR2`2R1

¨

˝

1 0 0 2
0 1 0 0
0 1 1 6

˛

‚

„R3ÐR3´R2

¨

˝

1 0 0 2
0 1 0 0
0 0 1 6

˛

‚

As a conclusion, the only solution of this system is y “

¨

˝

2
0
6

˛

‚. Now, we solve the

system Ux “ y. The augmented matrix associated to this system is
¨

˝

2 ´6 4 2
0 ´4 8 0
0 0 ´2 6

˛

‚„R1Ð1{2R1, R2Ð´1{4R2 and R3Ð´1{2R3

¨

˝

1 ´3 2 1
0 1 ´2 0
0 0 1 ´3

˛

‚

„R1ÐR1`3R2 and R2ÐR2`2R3

¨

˝

1 0 ´4 1
0 1 0 ´6
0 0 1 ´3

˛

‚

„R1ÐR1`4R3

¨

˝

1 0 0 ´11
0 1 0 ´6
0 0 1 ´3

˛

‚

So, the solution of the system Ux “ y and thus the one of the system Ax “ b is

x “

¨

˝

´11
´6
´3

˛

‚

Problem 6 :

Let A “

ˆ

2 3
´1 1

˙

and B “
ˆ

1 9
´3 k

˙

. What values of k, if any, will make

AB “ BA ?
Solution :

AB “
ˆ

2 3
´1 1

˙ˆ

1 9
´3 k

˙

“

ˆ

7 18` 3k
´4 ´9` k

˙

BA “
ˆ

1 9
´3 k

˙ˆ

2 3
´1 1

˙

“

ˆ

7 12
´6´ k ´9` k

˙
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In order to have AB “ BA, we have to have the equality of all the entries since they
are of same size. So that 18 ` 3k “ 12 and ´6 ´ k “ ´4. Thus k “ ´2. And you can
double check that in that AB “ BA.
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